
Journal of Magnetic Resonance 204 (2010) 228–238
Contents lists available at ScienceDirect

Journal of Magnetic Resonance

journal homepage: www.elsevier .com/locate / jmr
Experimental investigation and numerical simulation of 3He gas diffusion in
simple geometries: Implications for analytical models of 3He MR lung morphometry

J. Parra-Robles *, S. Ajraoui, M.H. Deppe, S.R. Parnell, J.M. Wild *

Academic Unit of Radiology, University of Sheffield, UK

a r t i c l e i n f o a b s t r a c t
Article history:
Received 29 September 2009
Revised 22 February 2010
Available online 1 March 2010

Keywords:
Hyperpolarized helium
Lung diffusion
Cylinder model
Diffusion theory
Finite element simulations
1090-7807/$ - see front matter � 2010 Elsevier Inc. A
doi:10.1016/j.jmr.2010.02.023

* Corresponding authors. Address: Academic Unit
Hallamshire Hospital, Glossop Road, Sheffield S10 2JF

E-mail addresses: J.Parra-Robles@sheffield.ac.uk
sheffield.ac.uk (J.M. Wild).
Models of lung acinar geometry have been proposed to analytically describe the diffusion of 3He in the
lung (as measured with pulsed gradient spin echo (PGSE) methods) as a possible means of characterizing
lung microstructure from measurement of the 3He ADC. In this work, major limitations in these analytical
models are highlighted in simple diffusion weighted experiments with 3He in cylindrical models of
known geometry. The findings are substantiated with numerical simulations based on the same geome-
try using finite difference representation of the Bloch–Torrey equation. The validity of the existing ‘‘cyl-
inder model” is discussed in terms of the physical diffusion regimes experienced and the basic reliance of
the cylinder model and other ADC-based approaches on a Gaussian diffusion behaviour is highlighted.
The results presented here demonstrate that physical assumptions of the cylinder model are not valid
for large diffusion gradient strengths (above �15 mT/m), which are commonly used for 3He ADC mea-
surements in human lungs.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

Hyperpolarized noble gas MRI can provide information related
to structural and physiological properties of lungs and has sensitiv-
ity to aspects of lung disease [1,2]. In particular, the measurement
of the apparent diffusion coefficient, ADC (as measured with
pulsed gradient spin echo (PGSE) methods), has been proven to
be sensitive to the micro-structural changes in the lung caused
by emphysema [3–8]. Relating the measured diffusion parameters
to lung properties (e.g. airway diameter, surface area and connec-
tivity) is a complicated task due to the non-Gaussian nature of gas
diffusion in the lung [7,9], which results in a non-monoexponential
behaviour of the diffusion-weighted MR signal. The non-monoex-
ponential signal behaviour originates from a number of sources,
including the anisotropic diffusion in airways, the presence of a
range of airway dimensions and the branching structure of the
lung [10]. Furthermore, the timing and strength of the diffusion
weighting gradients is implicitly related to the confining length
scale and gas diffusivity in defining the measured ADC [11]. As
such, the concept of a 3He ADC is of limited physical meaning as
it assumes monoexponential signal behaviour and is thus under-
pinned by an assumption of Gaussian diffusion [12].
ll rights reserved.
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This problem is similar to that encountered in NMR diffusion
investigations of porous materials, and much of the theory and
experimental methods of MR diffusion has been developed previ-
ously in this context [13–15]. The correct application of this theory,
particularly the concept of the localized diffusion regime (dis-
cussed later), has yet to be fully realized by the 3He lung MRI
community.

An analytical model (‘‘cylinder model”) has been proposed [7]
that reduces the acinar structure to a large number of long non-con-
nected cylinders which are uniformly oriented in all possible spatial
directions. The formalism, originally developed by Callaghan et al.
[14,16], was used to estimate two diffusion coefficients (DL and DT,
which are defined in Section 2.2). Inherent to the treatment is the
assumption of Gaussian diffusion in each cylinder as the non-mono-
exponential decay of the signal is attributed to originate from the
superposition of the monoexponential signals of the individual cyl-
inders. The Gaussian approximation was also used to obtain a rela-
tionship between the airway radius and the measured DT values.

More elaborate expressions to describe the dependence of DL

and DT on the geometrical parameters of a more complex model
of alveolar ducts [17] (which incorporates alveolar septa to the cyl-
inders) were recently obtained from Monte Carlo computer simu-
lations [18]. In these expressions, the diffusion coefficients are
made dependent upon the b-values to account for non-Gaussian
signal behaviour in single airways. However, this ‘‘updated cylin-
der model” still relies on the expressions of the original cylinder
model [7] (and hence on the validity of the Gaussian approxima-
tion), in order to estimate DL and DT from a fit to the signal decay.
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There therefore exists some inconsistency in the theoretical basis
of these detailed analytical models; moreover experimental valida-
tion has only been done indirectly by comparison to known average
dimensions of lung airways [7,9]. In vivo experiments showed that
the cylinder model produced reasonable estimates of the average
airway diameters and that the estimated diffusion parameters (most
significantly DL) were sensitive to emphysema [7].

An alternative numerical approach has been proposed by Fichele
et al., where computer simulations of 3He diffusion were conducted
by using finite difference treatment of the Bloch–Torrey equation
[11,19] within different 2D and 3D geometries for different PGSE
diffusion gradient weightings. All sources of non-Gaussian diffusion
are intrinsically taken into account in this finite difference treat-
ment. These simulations showed reasonable agreement with the
cylinder model in the range of gradient strengths studied with
the geometrical models generated, however, they did highlight that
the cylinder model tends to overestimate the airway radius, but a
physical explanation of this discrepancy was not attempted.

No investigation of the limits of validity of the most basic
underlying physical assumption of the cylinder model (i.e. Gauss-
ian phase approximation) or experimental validation of the cylin-
der model in well defined physical models (e.g. cylindrical
phantoms) has yet been reported in the published 3He lung MR lit-
erature. A phantom consisting of a single cylindrical loop was used
by Emami et al. [20] to study anisotropic 3He diffusion in experi-
ments and Monte Carlo computer simulations, but no comparison
of their results to the cylinder model nor analytical description of
the diffusion signal were presented.

Evidence of the shortcomings of approaches based on the
Gaussian approximation in explaining the results of 3He MR diffu-
sion experiments in lungs exists in the published literature. In vivo
investigation of the role of gradient strength and diffusion time in
ADC measurements has been reported [11] in lungs of healthy and
smoker volunteers. The higher ADC values obtained for stronger
gradients cannot be explained within the Gaussian diffusion
approximation. Habib et al. [21] built a scale model of the Kitaoka
labyrinth [22] that had been previously used in computer simula-
tions of diffusion in acinar airways [22,23]. They found that in
some cases a model of localized diffusion produced a better fit of
the experimental data than a single exponential and the cylinder
model [24]. However, no relationship between estimated diffusion
parameters and structural sizes was inferred.

In this work, the basic assumptions of the models used to ex-
plain the ADC data obtained in 3He gas MR diffusion experiments
(in particular, the cylinder model) are tested experimentally in
simple geometric models. The experimental designs developed
for these tests, including phantom construction and new theoreti-
cal treatment, are presented. Finite element numerical simulations
of the Bloch–Torrey equation are also used to investigate diffusion
in the same geometric models and compare their results with the-
oretical predictions from analytical theory and experimental data.

The accuracy of the relationships between ADC and structural
dimensions for typical diffusion gradient timing parameters and
gradient strengths used in 3He lung MR is also assessed in this
work. Particular attention is paid to the case where strong diffusion
gradients are applied, resulting in non-Gaussian diffusion behav-
iour (i.e. the localized diffusion regime), which has generally been
overlooked in the 3He lung MR literature. Finally, the implications
of the experimental results obtained here for in vivo lung mor-
phometry using 3He MR are discussed.
Fig. 1. Schematic diagram of the three diffusion regimes; the approximate
boundaries between the regimes (i.e. intermediate regimes) are shown approxi-
mately as shaded areas. The trajectories shown correspond to three diffusion
acquisitions (presented in Section 4.2) for 0.5 (circles), 0.76 (triangles) and 1 mm
(squares) diameter tubes (G = 1–30 mT/m, D = 1.8 ms, D0 = 0.92 cm2/s).
2. Background theory

In this section the basic theory of MR diffusion is briefly
presented to aid the understanding of this paper. More detailed
accounts of this theory can be found elsewhere (e.g. [13,14] and
references within). The theoretical basis and corresponding equa-
tions of the cylinder model are introduced later.

2.1. Diffusion regimes

The behaviour of the MR signal in PGSE diffusion experiments is
determined by the geometry and size of the compartment in which
diffusion occurs and the timing parameters and strength of the dif-
fusion sensitization gradients. The relationship between these is
best explained in terms of three length scales [13,15]: lS, lD and
lG. The structural length lS is the characteristic size of the confining
structure (lS = R for a cylinder). The one-dimensional diffusion
length (lD ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2D0 D
p

; where D0 is the free diffusion coefficient) is
the average distance travelled by one particle (helium atom) with-
in the diffusion time D. The gradient dephasing length lG is the
average length that a spin must diffuse within a field gradient G
in order to dephase by 2p radians with respect to a stationary spin
and is given by:

lG ¼ ðD0=cGÞ1=3 ð1Þ

where c is the gyromagnetic ratio.
Fig. 1 shows a schematic diagram of the three asymptotic diffu-

sion regimes and their dependence on the relative sizes of the
three characteristic length scales. In the free diffusion (lD << lS, lG)
and restricted diffusion (lS << lD, lG) regimes, the phase distribution
is approximately Gaussian and the transverse magnetization with-
in the confining structure is nearly uniform. The diffusion signal
decay is then monoexponential and described as:

SðbÞ ¼ S0 exp½�b ADC� ð2Þ

where b is the diffusion weighting, which depends on the diffusion
gradient intensity and timing parameters. In the free diffusion re-
gime, the ADC is constant and equal to D0. In the restricted diffusion
regime, the ADC depends on the geometry and dimensions of the
confining structure and the diffusion time D, but is independent
of the gradient amplitude. Analytical expressions relating ADC
and lS in this regime have been obtained for simple geometries
(e.g. parallel plates, cylinder, sphere) using the Gaussian phase
approximation (for an excellent review see [13]).
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The localization regime [15] corresponds to the case where lG is
the shortest length scale (lG << lS; lD). In this regime, the phase
distribution strongly deviates from a Gaussian distribution, the
transverse magnetization is non-uniform and the observed signal
originates mostly from regions within a distance lG from restricting
boundaries perpendicular to the applied diffusion gradient (edge
enhancement effect [25,26]).

2.2. Anisotropic diffusion

Anisotropic structures, where diffusion is restricted in a differ-
ent manner in different directions are frequently found in nature.
Callaghan et al. [16] studied diffusion in samples that can be
approximated by many randomly oriented cylinders such as long
polymer chains and endosperm tissue of wheat grains. Assuming
Gaussian phase distribution, the signal obtained from a single cyl-
inder, whose axis forms an angle / with the direction of the diffu-
sion sensitizing gradient, follows a monoexponential decay with
ADC as given by [16]:

ADC ð/Þ ¼ DL cos2 /þ DT sin2 / ð3Þ

where DL and DT are the longitudinal and transverse ADC’s mea-
sured with the gradients oriented parallel and perpendicular to
the cylinder axis, respectively.

The signal attenuation resulting from a large number of isotrop-
ically oriented non-connected cylinders can then be obtained by
integration with uniform weighting over all solid angles [16]:

SðbÞ
S0
¼

R p
0 exp �bðDL cos2 /þ DT sin2 /Þ sin /

h i
d/R p

0 sin / d/
ð4Þ
t 

-G 

G 

τ Δ-τ
2ΔΔ

Fig. 2. Diagram of the waveform of the diffusion sensitization gradient used in this
work (s = 0.5 ms, D = 1.8 ms). The b-value corresponding to this gradient waveform
is given by: b = (cG)2 [2/3 D3 + s (D2 + 1/6 Ds � 8/15 s2)].
2.3. Cylinder model

The approach of Callaghan (previous section) was adopted by
Yablonskiy et al. [7] to model the diffusion of 3He in lung acinar air-
ways. The model assumes that for short term diffusion (i.e. diffu-
sion time less than �5 ms) the effects of branching nodes and
alveolar sac endings can be neglected and thus alveolar ducts can
be considered as long non-connected cylinders of random
orientation.

The behaviour of the 3He MR diffusion signal (originating from
an imaging voxel containing many isotropically oriented cylinders)
was obtained from the integration of Eq. (4), which results in:

SðbÞ ¼ S0 expð�b�DÞ p
4bDAN

� �1=2

expðbDAN

3
Þ U ðbDANÞ1=2
h i

ð5Þ

where U(x) is the error function, and DAN and �D were defined as:

DAN ¼ DL � DT ð6Þ

D ¼ DL

3
þ 2DT

3
ð7Þ

Eq. (5) suggests that the non-monoexponential signal decay, ob-
served in 3He lung MR diffusion experiments, results from super-
position of the monoexponential signals originating from
Gaussian diffusion in each of the individual airways. It is important
to highlight that the reliance of Eqs. (3) and (5) on the assumption
of Gaussian diffusion [16], and the limitations that this assumption
imposes on the validity of this model have not been acknowledged
in the published papers related to the cylinder model.

MR diffusion data from in vivo lung experiments was then fit to
Eq. (5) to obtain DL and DT. The cylinder radius R was then
estimated from DT using the following relation [7]:
DT ¼
4R4

D0D
2 wðs=DÞ

X
j

b�4
1j

b2
1j � 1

Qðb2
1j D0DR�2; s=DÞ ð8Þ

where b1j is the jth (nonzero) root of the equation J01ðxÞ = 0 (J1 is the
first order Bessel function) and the functions w and Q are defined in
[7] and depend on the timing parameters (D and s) of the diffusion
sensitization gradients (see Fig. 2). Since within an imaging voxel
there are alveolar ducts of different radii covered by an alveolar
sleeve, R is interpreted as an effective duct radius. For negligible
ramp time s, Eq. (8) reduces to the well known expressions for
the ADC in cylindrical geometry [13,27] obtained in the context of
diffusion in porous media. Note that Eq. (8) also assumes Gaussian
phase distribution and suggests that the ADC depends on the cylin-
der radius and the timing parameters of the diffusion gradient but
not on the gradient strength.

2.4. Updated cylinder model

The cylinder model was later updated [18] in an attempt to ac-
count for non-Gaussian effects. The new model incorporates a
more complex geometry that includes alveoli and uses Monte Carlo
simulations to obtain relationships between the geometric proper-
ties of the model and the diffusivities DL and DT which depend on
the b-value.

For a smooth tube (i.e. r = R in the equations from [18]), DL = D0,
and DT is given by:

DT ¼ DT0 þ bbT D2
T0 ð9aÞ

where DT0 and bT are given by:

DT0 ¼ 0:44 D0 K ½0:1K�3=2 � ð9bÞ

bT ¼ 0:09 K ½1�K0:7 � ð9cÞ

and K ¼ R=ð
ffiffiffi
2
p

lDÞ.
Note that the updated model only introduced a linear correction

for the b-value dependence (Eq. (9a)) of the relationships between
diffusivities for single airways with gradients directed parallel or
perpendicular to the airway axis. These relationships (e.g. Eqs.
(9) for a smooth cylinder) are then used in the new model together
with Eq. (5) to fit the diffusion data and obtain estimates of DT0 and
bT from which airway dimensions can be calculated. Since the up-
dated model still relies on Eq. (5) which was obtained under the
assumption of Gaussian phase approximation, the validity of the
model is still limited by the validity of this assumption.

The updated model does not account for any angular depen-
dence of the apparent diffusivities and orientation-dependent
non-Gaussian diffusion effects, since it still uses Eq. (3) to describe
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the angular dependence of the ADC. There is a fundamental contra-
diction within this model when non-Gaussian effects are partially
taken into account in the relationship between the diffusivities and
airway dimensions with gradients directed parallel or perpendicu-
lar to the cylinder axis, while the angular dependence of the ADC of
a single airway is described with an expression which is only valid
for Gaussian diffusion.

Also note that although Eq. (9a) introduces a linear dependence
of DT on the b-value, DT does not depend separately on the gradient
strength G, and diffusion time, D. Different combinations of G and
D, which produce the same b-value, could result in diffusion exper-
iments occurring in different diffusion regimes, with different sig-
nal behaviours. It has been shown that timing and gradient
strength both affect the ADC but in different ways [11]. Further-
more, Eq. (9a) is only valid for R < 0.5 mm; for larger R, the linear
approximation is not valid and terms proportional to b2 or higher
are needed [18].

This work concentrates on testing the fundamental physical basis
of the cylinder models (i.e. original and updated cylinder model)
since a more complete analysis should test other important assump-
tions (e.g. geometry, boundary conditions) whose limits of validity
have not yet been experimentally investigated in appropriate phys-
ical models. This investigation will be the subject of future work.
Fig. 3. Diagrams of the phantoms A and B used in this work. Here a single tube is
shown for clarity, the actual phantoms consisted of several parallel tubes (a), or
circular turns (b). The inset in (b) shows that the curvature of the tubes in phantom
B is negligible over the diffusion lengths present in this work (axis in cm).
3. Methods

To investigate the limits of validity of the physical basis of the
cylinder model and the accuracy of cylinder radius estimates (i.e.
Eqs. (2), (3), (5), (8), and (9)), a number of experiments and com-
puter simulations in well defined geometries were performed. In
the next section these experiments and computer simulations are
described along with the MR hardware and phantoms used.

3.1. MR hardware and pulse sequence

All experiments were performed on a 3T Philips Intera whole
body system, using a custom-built transmit-receive birdcage coil
(15 cm diameter), tuned to the 3He resonance frequency (97 MHz)
and operated in linear mode with a custom-built T/R switch.

Global ADC data were obtained by FID acquisition following bi-
polar diffusion gradients with a modified 2D spoiled gradient-echo
sequence (readout and phase encode gradients turned off). The dif-
fusion gradient timing parameters (Fig. 2) were the same as those
used in [7], with 0.5 ms ramp time, 1.8 ms pulse duration (i.e. pla-
teau time: 0.8 mm) and no delay between pulses.

The gradient strength G was varied in 60 equal steps from �30
to 30 mT/m. This way diffusion data for each b-value was obtained
twice with reversed polarity gradients (i.e. one acquisition with
first gradient lobe negative and second positive and another acqui-
sition with first lobe positive and the second negative). This double
acquisition scheme permits the assessment of potential errors in
the applied gradients. These could result for example from a back-
ground B0 gradient or a DC off-set in the pulsed gradients. It also
allows verification of the accuracy of the flip angle calibration,
since each pair of acquisitions with same gradient strength is sep-
arated by a different known number of RF pulses, and assessment
of any effect from decreasing SNR due to RF depletion. Care was ta-
ken to completely depolarize any 3He gas remaining in the phan-
tom tubes between experiments (through repeated RF pulse
irradiation).

3.2. Phantoms and hyperpolarized gas

The phantoms (Fig. 3a and b) were built from Ethyl Vinyl Ace-
tate tubing with inner diameters 0.5, 0.76 and 1 mm (toler-
ance ± 0.005 mm) available from Harvard Apparatus (Kent, UK).
The first phantom (‘‘phantom A”, Fig. 3a) consisted of three bundles
(one of each tube diameter) of straight parallel tubes (16 cm long).
The second phantom (‘‘phantom B”) consists of 100 turns of tubing
of each diameter wound on the surface of a cylinder of diameter
6 cm (Fig. 3b). Hyperpolarized 3He can be delivered to tubes of dif-
ferent diameter independently by means of plastic syringes (after
evacuation of air) via Luer–Lock connections. The syringes where
detached from the phantoms just before starting the acquisition
to allow for pressure equalization to normal atmospheric pressure
(room temperature �19�).

3He with a polarization of �25% was obtained using a Helispin
Rubidium Spin-Exchange polarizer (GE Healthcare, USA) and
mixed with N2 in different gas mixtures. The 3He concentration
in those gas mixtures were within the range (�20–100%) typically
used in lung MR experiments.

The free diffusion coefficients D0 of these gas mixtures were
determined from diffusion MR experiments (as described in Sec-
tion 3.2) in a 60 ml syringe. The diameter of the syringe (3 cm) is
much larger than the largest diffusion length expected in the
experiments (lD � 0.8 mm). D0 of the gas mixture in the syringe
was measured before each experiment where a new batch of gas
was used, to account for any errors in the preparation of the mix-
ture. All the b-values in each experiment were obtained with a sin-
gle filling of gas.
3.3. Experiments with phantom A (validation of Eqs. (2), (3), (8) and
(9))

Phantom A was positioned inside the magnet with the tube axis
parallel to the horizontal (x–z) plane and forming an angle b with
the x-axis (see diagram of Fig. 3a). The phantom could be accu-
rately geometrically aligned aided by the MR system alignment la-
sers and a surface bubble spirit level attached to the phantom. The
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slice thickness (3–5 cm) was selected to avoid excitation of the
ends of the phantom (i.e. where the tubes are curved), while keep-
ing the volume of gas diffusing in and out of the slice edges negli-
gible with respect to the volume of the bulk of the excited spins.

In the first experiment, diffusion acquisitions were performed (as
described in Section 3.1) for each tube diameter and b = 0� (i.e. gra-
dient in x direction and tubes parallel to z-axis). Diffusion data from
each acquisition was fitted to a monoexponential to obtain a single
ADC value. Since for b = 0� the ADC = DT, as such R was estimated
from the ADC using Eq. (8). This experiment tests the assumption
that the signal decay from a diffusion experiment with the gradient
perpendicular to the axis of a single cylinder is monoexponential (i.e.
follows Eq. (2)) and its ADC is accurately defined by Eq. (8). Experi-
mental results were also compared to the model of Eqs. (9)

To test the validity of Eq. (3), different angles b (see diagram of
Fig. 3a) were used. Two sets of diffusion acquisitions were then
performed for each angle with the diffusion sensitizing gradient
oriented along the x- and z-axes, respectively. This way, two ADC
values (Dx ¼ ADC ðbÞ and Dz ¼ ADC ðp=2� bÞ, respectively) could
be obtained for each angle b. From Eq. (3), the following relation
can be obtained for this scenario:

Dz þ Dx ¼ DL þ DT

and since for a long cylinder DL ¼ D0, DT can be obtained as:

DT ¼ Dz þ Dx � D0 ð10Þ

This result indicates that if Eq. (3) is valid, DT can be then estimated
(using Eq. (10)) from two acquisitions with orthogonal gradients
and this estimate should be independent of the angle b and the gra-
dient strength.

3.4. Experiments with phantom B (validation of Eq. (5))

To test the validity of Eq. (5), diffusion signals were acquired
from phantom B with the diffusion sensitization gradient perpen-
dicular to the axis of phantom B (i.e. parallel to the plane of the cir-
cular turns, Fig. 3b). Due to the large diameter of the turns in
phantom B compared to the tube diameters (see inset in Fig. 3b),
the curvature of the tubes over a length equal to the diffusion
length (lS < 1 mm) can be neglected and a full loop can be consid-
ered equivalent to a collection of elemental long cylinders uni-
formly distributed with orientations in all possible (2D) angular
directions.

Following the approach of Callaghan et al. [16], an analytical
expression for the diffusion signal originating from this geometric
phantom can be written as [11]:

SðbÞ
S0
¼

R p
0 exp �bðDL cos2 /þ DT sin2 /Þ

h i
d/R p

0 d/
ð11Þ

This expression is now integrated (See Appendix) to obtain:

SðbÞ
S0
¼ expð�b�D2DÞ I0

bDAN

2

� �
ð12Þ

where I0(x) is the zeroth order modified Bessel function of the first
kind, DAN is given by Eq. (6) and �D2D is defined as:

�D2D �
DT

2
þ DL

2
ð13Þ

Since I0(0) = 1 for DAN = 0, the signal decay in Eq. (12) becomes
monoexponential. For DAN > 0, I0(x) is an exponentially increasing
function and the signal decay is increasingly slowed down (with
increasing b-value) and deviates further from the monoexponential.

Eq. (12) is the equivalent of Eq. (5) in two dimensions and will
be used to fit the diffusion data obtained from the experiments
with phantom B to obtain estimates of DT and DL. To test the ability
of the cylinder model to estimate the airway dimensions from the
MR diffusion signal, R can then be calculated from DT using Eqs. (8)
and (9) and compared to the known nominal radius of the tubes.
3.5. Computer simulations

Computer simulations were performed by numerically solving
the Bloch–Torrey equations [19,28] using a finite element method
for computer models of phantoms A and B and the diffusion sensitiz-
ing gradient waveform of Fig. 2. Boundary conditions assumed
impenetrable walls (zero flow through the walls) on all surfaces [28].

The geometric models were created using Comsol Multiphysics
(COMSOL AB, Stockholm, Sweden) and then exported to Matlab
(MathWorks, Natick, MA), where the solutions for the transverse
magnetization dephasing for each b-value and tube diameter were
calculated. From the obtained transverse magnetization distribu-
tion, the ADC could be estimated after integration over the tube
volume.

To avoid effects from the finite length of the cylinder when sim-
ulating experiments with the straight tubes, only a 1 mm long sec-
tion at the centre of the cylinder was used in the integration for
signal calculation and estimation of the ADC. Between 60 and
100 b-values were used in the simulations for each tube diameter.
The longest time taken for the simulations of a single tube diame-
ter was approximately 20 min on a modern laptop PC (Intel Core2
processor at 2.0 GHz, 2 Gb RAM).

The results of the simulations were compared to the theoretical
predictions of the cylinder model and the experimental results.
They were also used to provide further physical insight into the
microscopic distribution of the transverse magnetization inside
the tubes (which is beyond the resolution limits of MRI
experiments).
4. Results and discussion

4.1. Estimation of D0

Fig. 4a and b show the measured diffusion signal decay and the
estimated ADC as functions of the b-value for 3He gas (gas mixture:
100% 3He) diffusing in a 60 ml syringe (i.e. 3 cm diameter cylinder).
Fig. 4a shows a deviation of the signal decay from the straight line
(log-scale plot) corresponding to the monoexponential behaviour
expected in free diffusion. It can be observed in Fig. 4b that the
ADC only remains approximately constant (as expected for free dif-
fusion) for b-values below �2 s/cm2 (G < 15 mT/m) and then starts
to decrease.

To avoid the effects of non-monoexponential behaviour of the
signal for large gradients, D0 was estimated from the first part of
the signal decay curve (b < 2 s/m2) within the limits of free diffu-
sion for the syringe (Fig. 4a). The estimated D0 values ranged be-
tween 0.87 (for 20% 3He) and 1.86 cm2/s (for 100% 3He). The
corresponding diffusion lengths lD range between 0.58 and
0.82 mm. The D0 estimate for 100% helium is in good agreement
with the previously reported [13] experimental value of
1.84(8) cm2/s (after correction for pressure difference). The D0 esti-
mate for 20% helium also agrees with the theoretically calculated
binary diffusion coefficient [29] of 0.90 cm2/s.

The behaviour of the signal decay and the ADC observed in Fig. 4
indicates the on-set of the localization regime as the gradient
strength increases. As the diffusion goes from the free to localized
regime most of the observed signal originates from regions near
the boundaries. These results (which are similar to those reported
in [15] for water diffusion between parallel plates) are significant
because they represent a deviation from monoexponential behav-
iour for diffusion in a relatively large confining space (lS � 15 mm,



Fig. 4. Results of diffusion experiments for D0 estimation. Dependence of the (a)
diffusion signal decay and (b) the estimated ADC (ADC (b) = �1/b ln(S(b)/S0) on the
b-value for the gas mixture B (100% 3He) in the 60 ml syringe. The solid line in (a) is
the fit to a monoexponential function of the data for b < 2 s/cm2.
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lD � 0.8 mm), for gradient intensities commonly used in lung ADC
experiments [7,9,30]. As a consequence, for such gradient intensi-
ties, the effect of boundaries, albeit separated by a distance larger
than the diffusion length, cannot be neglected in the treatment of
the signal behaviour. This is indeed the case for acinar airway
branching nodes and alveolar sac endings whose effects are as-
Fig. 5. Comparison of signal decays obtained from experiments with phantom A (for the
dashed line; Eqs. (9), dotted lines) and numerical simulations (solid lines). Error bars ha
sumed to be negligible in the cylinder model, but may significantly
contribute to the non-monoexponential behaviour of the signal.
Experimental and theoretical investigation of the limits of validity
of this assumption is needed and will be the subject of future work.

4.2. Experiments with phantom A (validation of Eqs. (2), (8) and (9))

In Fig. 5, the signal decay from experiments with phantom A are
presented as a function of the b-value and compared with the esti-
mates from theory (Eqs. (8) and (9)) and from our computer simu-
lations. For the narrowest tubes (0.5 mm diameter), the signal
decay is nearly monoexponential for all b-values, consistent with
the restricted diffusion regime (see trajectory in diagram of
Fig. 1), since lS is smaller than (or nearly equal to) the minimum
dephasing length corresponding to the maximum gradient
strength: lG � 0.25 mm for G = 30 mT/m (�8 s/cm2).

For the larger diameter tubes, the signal decay (Fig. 5) signifi-
cantly deviates from monoexponential behaviour (i.e. ADC in-
creases) with increasing b-values. Diffusion in the 0.76 mm
diameter (lS = 0.38 mm) tubes, for b-values above �1 s/cm2, occurs
in the intermediate regime between restricted diffusion and local-
ized diffusion (Fig. 1). For the 1 mm diameter (lS = 0.5 mm) tubes
diffusion across almost the whole b-value range occurs in the local-
ization regime (Fig. 1), and for the highest b-values lG � 0.5 lS.

The results of the computer simulations are in relatively good
agreement with the experimental results demonstrating the devi-
ation from Gaussian diffusion. The observed difference between
experiment and simulation results could be attributed to small
misalignments of the tubes due to construction errors. Susceptibil-
ity-induced background gradients, which are known to affect the
ADC measurements [31] could also have contributed. Investigation
of the effects of these susceptibility-induced gradients in ADC
experiments is important and will be the subject of future work
with numerical simulations in these well defined geometrical
phantoms.

The theoretical signal behaviour predicted by Eqs. (9) are in
good agreement with the experimental data and the signal behav-
iour obtained from our simulations. These results suggest that the
new model of Eqs. (9) correctly describes non-Gaussian diffusion
effects in smooth tubes in experiments with gradients perpendicu-
lar to the tube axis, for the tube radii, gradient strengths and timing
0.5, 0.76 and 1 mm diameter tubes) to the theoretically predicted behaviour (Eq. (8),
ve been omitted for clarity (see Fig. 4 for typical errors).



Fig. 6. Computer simulation of experiments with phantom A (R = 0.5 mm, gradient
in x direction). The transverse magnetization (Mxy) distributions after 10 mT/m (a)
and 30 mT/m (b) diffusion sensitization gradients are shown (initial condition, Mxy

(t = 0) = 1). Strong edge effects (localized diffusion) are visible in (b) while
magnetization distribution is nearly uniform in (a). Note the difference in the
scales (in relative values) chosen to highlight the slight signal variation in (a),
otherwise invisible.

Table 2
Results of the experiments with phantom A (D0 = 0.88 ± 0.02 cm2/s) for two different
angles b and a G = 25 mT/m. The transverse diffusivity DT estimated from the
experiments using Eq. (10) is compared to the theoretical values (independent of b)
calculated with Eq. (8). The relative error for the experimental DT estimates was
always less than 9%.

Nominal tube
diameter (mm)
(±0.005 mm)

DT (cm2/s)

b = 58� b = 78� b = 90� Theory

0.510 �0.151 0.042 0.039 0.029
0.760 �0.108 0.136 0.133 0.113
1.020 0.026 0.282 0.262 0.218
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parameters used in this work. Validation of this model over a larger
range of gradient parameters (i.e. strength and timing parameters)
and airway sizes and for more complex structures is still necessary.

In Fig. 6, the simulated spatial distribution of the transverse
magnetization in the plane of the tube cross-section is shown for
small and large diffusion gradient strengths whose direction is ori-
ented left to right. The edge enhancement effect is more evident for
tubes of larger diameter for the largest gradient strength, a trend
confirmed by the observation of the largest deviation from mono-
exponential signal decay for the largest diameter tubes in Fig. 5.

Table 1 shows the tube diameters calculated (using Eq. (8))
from the fit of the experimental diffusion data using the original
and updated cylinder models. The diameters calculated using Eq.
(8) are consistently larger than the known nominal diameters of
the tubes. The discrepancies are larger for larger b-values (i.e. lar-
Table 1
Comparison of tube diameters estimated from experiments with phantom A (using
Eqs. (8) and (9)) with the known nominal diameters at three different b-values
(D0 = 0.92 ± 0.03 cm2/s). The relative error for the experimental diameter estimates
was always less than 5%.

Nominal tube diameter
(±0.005 mm)

Estimated tube diameter
(original/updated model, in mm)

b = 1 s/cm2 b = 3 s/cm2 b = 8.3 s/
cm2

0.510 0.532/0.536 0.548/0.540 0.544/0.538
0.760 0.788/0.779 0.792/0.781 0.810/0.782
1.020 1.058/1.041 1.063/1.030 1.080/0.996
ger gradient strengths) and larger tube diameters. These results
agree with our previously published predictions from simulations
[19], that the original cylinder model systematically over-esti-
mates the airway diameter and also identify the breakdown of
the Gaussian approximation (in the on-set of localized diffusion)
as a likely source of this over-estimation. The diameters estimated
using the updated cylinder model (Eqs. (9)) are in better agreement
with the nominal diameters; the remaining discrepancies do not
change with gradient strength and are likely due to the experimen-
tal uncertainties described above.

The results presented here demonstrate the non-Gaussian nat-
ure of diffusion in a single cylinder for gradient strengths typically
found in lung ADC experiments, for which the Gaussian approxi-
mation is not valid. This means that for such gradients the concept
of an ADC, and hence Eqs. (2) and (3) have no meaning even for a
single airway.
4.3. Experiments with phantom A (validation of Eq. (3))

Table 2 shows the results of the estimation of DT using Eq. (10)
for two angles (b � 58� and 78�). These results show that the esti-
mated DT values are not independent of b as predicted by Eq. (10)
and in some cases even become negative (see Fig. 7), which is
physically impossible. This occurs at lower b-values for the tubes
of smaller diameters (Fig. 7), since the actual values of DT are small
and small deviations in the diffusion behaviour (i.e. non-Gaussian
effects) would make the estimated DT negative. In Fig. 7, the pre-
dicted behaviour of DT as a function of b-value from Eqs. (8) and
(9) have been plotted for comparison. Neither the original nor
Fig. 7. DT values (estimated using Eq. (10)) as a function of the b-value for different
tube diameters (squares: 1 mm, triangles: 0.76 mm and circles: 0.5 mm) and
b = 58�. The dashed lines and solid lines show the theoretical DT values calculated
using the original cylinder model, Eq. (8), and the updated cylinder model, Eqs. (9),
respectively. DT becomes negative for high b-values (i.e. large gradient strength).
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the updated model include any angular dependence of the non-
Gaussian effects and hence cannot describe the experimental data
obtained here. The linear b-value dependence of DT introduced in
the updated cylinder model from Monte Carlo simulations (with
a single gradient orientation) cannot account for the angular
dependent effects shown in Fig. 7.

Fig. 8 shows the signal distribution in cross-sections of the
tubes, perpendicular to the x–z plane and parallel to the gradient
direction, that results from simulations of 3He diffusion in a com-
puter model of phantom A (R = 0.25 mm, G = 30 mT/m). These
cross-sections are ellipses whose major axis L is parallel to the gra-
dient direction and increases (L / R/sind) as d (angle between the
gradient direction and the cylinder axis) decreases from 90� to 0�
Fig. 8. Results of simulations of diffusion experiments with a computer model of
phantom A (tube diameter 0.5 mm) and a gradient (G = 30 mT/m) forming an angle
d of (a) 58�, (b) 32� and (c) 12� with the cylinder axis (parallel to z-axis). The
transverse magnetization (Mxy) distribution is shown in 2D cross-sections (dimen-
sions in mm) parallel to the gradient direction (initial condition, Mxy (t = 0) = 1). The
cross-sections are ellipses whose major semi-axis L increases with increasing d
(L / R/sin d). Note the difference in the scales (in relative values) chosen to highlight
the slight signal variations in (a) and (b), otherwise invisible.
(due to symmetry the angular behaviour in other quadrants is
the same). It can be seen that in Fig. 8a the edge effects are almost
invisible and nearly uniform signal originates from most of the cyl-
inder volume (i.e. cross-section area). As the angle decreases
(Fig. 8b and c), the fraction of the cylinder volume that contributes
negligible signal increases. The diffusion signal in these cases be-
comes less sensitive to the volume, being strongly dependent on
edge effects and thus more influenced by the surface area perpen-
dicular to the gradient.

As the gradient strength increases in these experiments, the
relationship between the three length scales changes and diffusion
may occur in the localization regime or one of the intermediate re-
gimes, depending on the diffusion time, tube radius and angle (see
trajectories in Fig. 9a). This is clearly demonstrated in Fig. 10,
where differences in signal behaviour for gradients in the x and z
directions can be observed. These deviations from monoexponen-
tial decay are the result of the transition between different diffu-
sion regimes (Fig. 9a). For a gradient in the x direction (Fig. 10a),
diffusion goes from the restricted to the localized regime and the
signal starts to decay faster than a monoexponential, leading to
an ADC value larger than expected from theory (similar to the
behaviour shown in Section 4.2). For a gradient in the z direction
(Fig. 10b), diffusion goes from the free to the localized regime
and hence the signal decay slows down and the apparent DL be-
Fig. 9. Diagram of diffusion regimes of the different diffusion weighted experi-
ments performed showing the trajectories corresponding to experiments with (a)
phantom A for the 0.5 (circles), 0.76 (triangles) and 1 mm (squares) diameter tubes,
with diffusion gradient along x direction, and (b) phantom B for the 0.76 mm tube
only, with gradient along y direction. Note that lS = R/sinb. The dots in the trajectory
lines in (b) represent angular positions (with constant 3� spacing) in the phantom.



Fig. 10. Diffusion signal behaviour from experiments with phantom A (b = 78�) and
diffusion sensitization gradients in (a) x and (b) z directions (tube diameter 1 mm).
Monoexponential fits (to data in range b < 2 s/cm2) are shown as solid lines. Error
bars not shown as they were smaller than the symbols.

Fig. 11. Comparison of the theoretical signal behaviour and data obtained from the
experiments with phantom B (R = 1.02 mm, D0 = 1.01 cm2/s). The theoretical
behaviour predicted by the original model was obtained from Eq. (12), assuming
DL = D0 and DT as calculated using Eq. (8). Also shown are the theoretical behaviours
predicted by the updated model of Eqs. (9) for D0 = 1.01 cm2/s and D0 = 0.88 cm2/s.
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comes smaller than D0 (similar to behaviour observed in Sec-
tion 4.1). Note that the signal behaviour of Fig. 10b, cannot be ex-
plained using the updated cylinder model (Eqs. (3) and (9)), since
bT > 0 and bL = 0 for a smooth cylinder.

These results indicate that Eq. (3) breaks down when lG 6 lD (i.e.
in the localized regime and its neighbouring intermediate re-
gimes). In the intermediate regime between free and restricted dif-
fusion, it has been shown [13] that the signal behaviour can still be
described by a monoexponential decay with the ADC predicted
from the Gaussian approximation. Hence in this intermediate re-
gime Eq. (3) is expected to hold.

When Eq. (3) is not valid, then Eq. (4) can not be used to calcu-
late the bulk signal, since the signal coming from an individual cyl-
inder deviates from Gaussian behaviour and hence can no longer
be characterized with a single DT value for all angular orientations.
Even when diffusion is exponential with the gradient perpendicu-
lar to the tube axis, for other angles the structural length lS (for the
elliptical cross-section) could become comparable or larger than lG
(depending on the gradient strength), resulting in non-exponential
signal behaviour. This implies that the uniform weighting for all
angular directions (Eq. (4)), implicit in the cylinder model, would
also no longer be valid for all gradient strengths.

These results demonstrate that the changes introduced to the
cylinder model by Sukstanskii et al. in [18] are not able to account
for the non-Gaussian effects described in this section. The new
expressions for the diffusivities DT and DL were obtained with gra-
dients perpendicular and parallel to the axis of their airway model,
respectively, and therefore did not account for any angular depen-
dence. The angular dependence of the non-Gaussian diffusion ef-
fects may be incorporated into an improved version of the
cylinder model using computer simulations as we previously
showed in [11,19]. The signals obtained from simulations with a
number of gradient angular orientations uniformly distributed
are added to obtain the bulk voxel signal, from which relationships
between diffusivities and airway may be extracted. This would ac-
count for orientation-dependent non-Gaussian effects.

4.4. Experiments with phantom B

Fig. 11 shows that the signal decay from experiments with
phantom B follows a non-monoexponential behaviour typical of
lung diffusion experiments, with slower decay rate at higher b-val-
ues. The experimental data fits Eq. (12), but it deviates from the
theoretical behaviour obtained assuming DL = D0 and DT calculated
using Eq. (8) from the tubes known radius. The deviation of the sig-
nal decay from the monoexponential behaviour, though significant,
is less than theoretically predicted by the original cylinder model.
Fig. 11 also shows the theoretical signal behaviour predicted by the
updated cylinder model (Eqs. (9)), which also deviates from the
experimental data, although the deviation is smaller. Unlike the
original model prediction, in this case the deviation from the
experimental data is towards faster signal decay, as a result of
the linear correction introduced in Eq. (9a), which produces an in-
crease of DT with increasing b-value.

Experimental data were fitted to both the original and the up-
dated cylinder model, from which the estimates of the tube diam-
eters were obtained (Table 3). The tube diameters were
systematically over-estimated by the original cylinder model
(Eqs. (12) and (8)), which again agrees with our previously pub-
lished results [19] from computer simulations. When calculated
using the updated cylinder model (Eqs. (12) and (9)), the tube
diameters were systematically underestimated.

These discrepancies between the models and the experimental
results may be due to superposition of competing effects of non-
Gaussian signal behaviour in different parts of the phantom, with
different orientations with respect to the gradients. The origin of
these effects can be better understood by analyzing Fig. 9b. The so-
lid lines in this figure represent the positions (in the diffusion dia-



Table 3
Results of the diffusion experiments with phantom B (D0 = 1.01 ± 0.02 cm2/s). The
estimated tube diameters were calculated from the measured DT using Eqs. (8) and
(9).

Nominal tube
diameter
(±0.005 mm)

Estimated diameters
(mm). Original model

Estimated diameters
(mm). Updated model

0.760 0.79 ± 0.02 0.72 ± 0.02
1.020 1.12 ± 0.04 0.97 ± 0.03
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gram) of the cylindrical elements (oriented in all angular direc-
tions) in phantom B. The measured signal for a given gradient
strength then originates from elements that are in different diffu-
sion regimes. For small gradients, most of the elements experience
either free or restricted diffusion, where the Gaussian approxima-
tion is valid and Eqs. (3), (11) and (12) (and Eqs. (4) and (5) in 3D)
should be valid. For large gradients, most of the elements are in the
localization regime or its neighbouring intermediate regimes
where the Gaussian approximation breaks down and Eqs. (3),
(11) and (12) are no longer valid.

As shown in the previous section, depending on their angular po-
sition, tube volume elements can produce signals that can decay at
either a rate faster (above �40� in Fig. 9b) or slower rate (below
�40� in Fig. 9b) than a monoexponential for large gradients. The
non-monoexponential behaviour of the bulk signal, is then not only
due to the superposition of the signals originating from anisotropic
diffusion in the individual tube elements, but also includes the com-
peting effects of orientation-dependent non-Gaussian behaviour in
the individual elements with different orientations, that have not
bee taken into account by either model. The resulting signal behav-
iour would depend on which of these competing behaviours domi-
nates, which would in turn be determined by a number of factors
such as gas mixture, diffusion time and exact geometry and dimen-
sions, as well as the actual angular distribution of airway orienta-
tions within each voxel (which in vivo may deviate from the
assumed uniform distribution). This implies that there may be par-
ticular cases where these effects may balance each other and the
cylinder model may hold. An example of this effect can be seen in
Fig. 11 where the predicted theoretical behaviour for D0 =
0.88 cm2/s is shown. Even though this value of D0 is 14% smaller
than the experimentally determined D0 value for this gas mixture,
the calculated signal behaviour is a better fit of the experimental
data than the theoretical signal calculated with the correct D0.

This kind of result warrants further investigation, in particular,
the sensitivity of the estimated diffusivities and airway dimensions
to the free diffusion coefficient of the gas mixture since all reported
works that use the cylinder model assume D0 = 0.88 cm2/s regard-
less of the exact gas mixture used. In a recently published study
[34] that claims to validate the MR lung morphometry method
(i.e. updated cylinder model) by comparison to histological mea-
surements, even though the experiments were performed on ex-
cised and fixed lungs and the exact gas mixture composition was
known, D0 = 0.88 cm2/s was still used. Although the actual D0

was not measured, it is expected from theory [29] to be approxi-
mately 15% larger. Evaluating the results of such studies is hard,
even more so for in vivo studies where knowledge of the gas com-
position and D0 distribution in lung airways is not always available
and the significance of this uncertainty for the results of the cylin-
der model has not yet been studied.

The results presented here demonstrate that the cylinder model
(including the updates of [18]) is only valid if the localized diffu-
sion regime and its neighbouring intermediate regimes are
avoided. The intermediate regimes between localized diffusion
and free diffusion and between localized diffusion and restricted
diffusion are not well characterized and no simple analytical rela-
tionship between the signal behaviour and the geometry of the
restricting structures exist. Experiments conducted in the localiza-
tion regime become less sensitive to the exact geometrical shape
and volume of the confining structures [13,15], instead being more
sensitive to the surface area of the boundaries perpendicular to the
diffusion gradient.

It is important to take this into account when designing PGSE
ADC experiments since diffusion in acinar airways can fall into
any one of these regimes or even into the intermediate regime
where all three length scales are comparable and complex behav-
iour (e.g. diffraction-like patterns [15,32]) may occur.

Localized diffusion can be avoided by using weaker gradients
(below �15 mT/m for human lungs) and longer diffusion times.
However, longer diffusion times would make branching effects
(which are neglected in the cylinder model) more important and
will decrease the achievable SNR by virtue of the incurred T�2 decay
in the delay time to signal acquisition. The use of weaker gradients
may also make diffusion measurements more prone to the effects
of background B0 gradients.

Note that in this work only the basic physical assumptions of
the cylinder model were tested in simple cylindrical phantoms.
The cylinder model also includes other assumptions and approxi-
mations (e.g. effects of branching nodes and alveolar sac endings
are neglected; effects of background susceptibility gradients are
also ignored) whose limitations are yet to be investigated in detail.
This investigation will be the subject of future work within the
framework presented here.
5. Conclusions

In this work, the physical basis of the cylinder model has been
tested experimentally in well defined cylindrical geometrical phys-
ical models of lung diffusion. Experiments and computer simula-
tions have demonstrated that those physical assumptions are not
valid for large diffusion gradient strengths (above �15 mT/m),
which are commonly used for 3He ADC measurements in human
lungs.

These results highlight the shortcomings of the cylinder model
and other ADC-based approaches which are underpinned by the
Gaussian phase approximation, which is only valid if the localiza-
tion regime and its neighbouring intermediate regimes are
avoided. If these regimes are not avoided, the complexity of the
signal behaviour in those regimes should be considered and incor-
porated into subsequent models.

The updated cylinder model is a step in the right direction to in-
clude non-Gaussian diffusion effects in the model, but still relies on
expressions founded on the Gaussian phase approximation. It does
not account for angular dependent non-Gaussian effects and re-
quires further development and validation.

When reporting results of ADC experiments it is important to
include not only the b-values used. A complete description of the
gradient sensitization waveform, including the timing parameters
and gradient strength is required to correctly interpret these re-
sults and compare with results from other experiments.

The results obtained here and the simple phantoms and exper-
imental procedures developed in this work may provide a frame-
work to validate future models as well as help optimize the
experimental design and interpret the results of lung MR experi-
ments using hyperpolarized gases.
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Appendix A

The diffusion signal originating from a collection of long cylin-
ders uniformly distributed with orientations in all possible (2D)
angular directions can be written as:

SðbÞ
S0
¼

R p
0 exp �bðDL cos2 aþ DT sin2 aÞ

h i
daR p
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Defining �D2D ¼ DT þ DAN
2 , after making the substitutions u ¼ 2a and

x ¼ bDAN
2 , the following expression is obtained:

SðbÞ
S0
¼ 1

2p
exp �b�D2D

� � Z 2p

0
exp½�x cos u�du

The integral above is the integral representation of the modified
Bessel function of the first kind, I0(x) [33]. The net behaviour of
the diffusion signal in a cylindrical loop then results in the expres-
sion of Eq. (13):

SðbÞ
S0
¼ exp �b�D2D

� �
I0

bDAN

2

� �
:
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